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Last time:

Maximizing flow in a network ( graph with capacities )

Max Flow reduces to linear programming

Direct algorithm based on augmenting paths in residual network

Max -Flew Min - Cut Theorem : If:X,
val H ) = confirm , capacity 14N

€

Today :

Duality in Linear Programming
this

is an example of duality



Recall example from LP lecture :
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We can prove that the solution is optimal : O . ( X, E 50 )

+ 2 . ( Xz f 80 )

where does this ← t 2- ( titles too)

optimality certificate 2x , t4XzE 360

come from?



A more systematic approach : introduce variables ya, ya, y, and consider

y, . ( X, E 50 )

+ Yz . ( Xz f 80 )
S 4444370 (or else inequalities flip)

t Yz - ( X , t Xz E 100) From prior slide :
Max 2X, the Xz St

. X.
. Xz 70

X, f 50
,
Xz 480

( y , tyg ) X , t ( yzty , ) Xz E 50Yi t 8042+10043 x. the too

- in

= 2 = 4 ← to match objective function
7 2 74 ← also ok

Hence : 2x , t Lik f5Oyztys if } .
want to Minimize for best upper bound

In sum the dual LP to the original ( primal) LP is :

min Soy , t 80 yztlooyz If we have solutions to primal LP and

to dual LP that have same value then
St . Yi .42,4370

they are both optimal .

Yi tyz 32

Yzty, > 4 Eg Ki ,XD -- (20,80 ) S (Yi,Ya,Ysl -- 192,2) both have 360 .



The general case
k= # variables m= #constraints -_ IIIHEI (N is separate )

• PRIMAL Max GX, t - - - tckxk sit . tie I Aia Xi t - - - taikxk Ebi

tie E Aia Xi t - - - taikxk = bi

V-j.CN Xj > O

• Transformation :

Fie I Yi . ( Ain Xi t - - - taixxkebi ) with Yi 70

fi EE yi
. ( aiaxit - - - taixxk = bi ) with Yi anything

jFi/ueaijyilxjtj.IN/ieIueaisYi/XjE.EEbiYitieI'iebiyi
- - -

WANT : 2- Cj =Cj Minimize ( best upper bound)

( because Xj>o ) ( because Xj can be neg)

In sum : . I multiplier variable per primal constraint

a l constraint per primal variable ( coefficient > or =)
• minimize the induced RHS of the sum



m -- # variables -- III HEI k -- # constraints ( I is separate)
• DUAL : min big , t . - - tbmym Sit. FJEN Aijyit . - - tamjym > Cj

'

Fj# N Aijyit . - it Amjym = Cj
tie I Yi 30

A notable special case : so all constraints are inequalities
• all variables are non- negative

In this case the dual is easy to summarize :

primal LP Dual LP

max < c. x > min Cb
, y )

sit . Axe b s -t . Aty > C
X 70 if 70



DUALITY THEOREM

If the primal LP has a bounded max ,

then the dual LP has a bounded min
,

and the two valves are equal .

dual opt feasible sols
max -s

t for dual * min

I IB

feasible sols F
for primal primal opt

we will not prove the (strong ) duality theorem .



Visualizing Duality

compute the shortest path from s to t in an undirected graph G w/ positive lengths l .
⇒ We can use Dijkstra's algorithm .

An alternative :

Physical model where V balls are connected according to E via strings ,
and each string from u to v has length llu,v) .
The shortest path from s to t is found as follows :(

pm
pull s away from t until no longer possible

we are maximizing distance , while
"

shortest path
"
is about minimization

.

l !)

why ? We are solving the dual LP of shortest paths .

max Xt s
, t . * CLEM : optimum Xt is sit . Xe*= dist Cs , t)

• Xs -- O x: > dist Cst) : the constraints are satisfied by
• Hair) EE : Xv Exutlluit Are V Xv : = dist Is ,v) .

XEE discs,t) : let Csr.. . . . .ve, t) be a path with length distls.tl .
Then Xs = on Xv

,
s Xstlls ,Vila Xv, EH,

th Chik) n . . - ⇒B Xe e lls,v.Hewitt -. . -dist ISH .


